PRIMITIVE IDEALS IN QUANTUM SL 3 AND GL 3 



K.R. GOODEARL AND T.H. LENAGAN 

Abstract. Explicit generating sets are found for all primitive ideals in the 
generic quantized coordinate rings of SL3 and GL3 over an arbitrary alge- 
braically closed field k. (Previously, generators were only known up to cer- 
tain localizations.) These generating sets form polynormal regular sequences, 
from which it follows that all primitive factor algebras of O q {SLz(k)) and 
O q (GLz(k)) are Auslander-Gorenstein and Cohen-Macaulay. 



0. Introduction 

The primitive ideals of quantum SL 3 were first classified by Hodges and Lev- 
asseur in the case of O q {SL 3 {<C)) Theorems 4.2.2, 4.3.1, 4.4.1 and §4.5]. (Here 
and throughout, we consider only generic quantized coordinate rings, meaning that 
quantizing parameters such as q are not roots of unity.) This classification was 
extended to O q (SL n (C)) in [7], to O q (G) for semisimple groups G and q tran- 
scendental in [5], and to multiparameter quantizations O qiP (G) over C in [S]. In 
these classifications, the primitive ideals appear as pullbacks of maximal ideals from 
certain localizations, and it is only in the localizations that generating sets are cal- 
culated (assuming the base held is algebraically closed). The only case in which 
generating sets for primitive ideals have been explicitly determined is the easy case 
of O q (SL2{C)) Theorem B.l.l]. Of course, once the primitive (or prime) ideals 
of O q (SL n (k)) are known in some form, those for O q (GL n (k)) can be readily ob- 
tained via the isomorphism O q (GL n (k)) = O q {S L n (k))[z ±1 ] observed by Levasseur 
and Stafford [T31 Proposition]. 

Our purpose here is to calculate explicit generating sets for all primitive ideals of 
the (generic) quantized coordinate rings O q (SL 3 (k)) and O q (GL 3 (k)), over any al- 
gebraically closed base field k. With some care in the choices of generators and the 
order in which they are listed, we actually obtain generating sets which are polynor- 
mal regular sequences, from which we obtain strong homological conclusions: All 
primitive factor algebras of O q (SL 3 (k)) and O q (GL 3 (kj) are Auslander-Gorenstein 
and Cohen-Macaulay (with respect to Gelfand-Kirillov dimension). Further, ad- 
dressing a question raised in [5], we show that all maximal ideals of O q {SL 3 {k)) 
and O q {GL 3 {k)) have codimension 1. 

The line of our calculations follows the framework given by stratifications rela- 
tive to torus actions (see [2j Theorems II. 2. 13 and II. 8. 4]), which we recall below. 
It is convenient to work first with O q (GL 3 (k)), since the results for O q (SL 3 (k)) are 
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then immediate corollaries. On the other hand, with appropriate (obvious) modi- 
fications, all steps of our calculations can be performed in parallel in O q {SL 3 {k)). 

0.1. Stratification. For the remainder of the introduction, set A := O q (GL-i(k)) 
and H :— (fc x ) 6 . There is a standard rational action of H on A by fc-algebra 
automorphisms (see £ |1.5|) , and we write H- spec A to denote the set of iJ-prime 
ideals of A. (These coincide with the -ff-stable prime ideals of A by [3J Proposition 
II.2.9].) The prime and primitive spectra of A are stratified via H as in [2, Definition 
II.2.1]: 

spec A = j [ spec j A and primal = [ j primjA, 

JGi?- spec A Jeff- spec A 

where the H -strata specj A and primj A are the sets 

spec j A := {P 6 spec A | Q h(P) = J] 

heH 

prinij A := (prim A) n (spec j A). 

Given J £ H- spec A, the strata spec j A and prim 7 A have the following structure 
Theorem II.2.13, Corollaries II.6.5 and II.8.5]. 

(1) The set £j of all regular H -eigenvectors in A/ J is a denominator set, and 
the localization Aj :— (A/J)[£J ] is H -simple (with respect to the induced 
H -action). 

(2) The center Z(Aj) is a commutative Laurent polynomial ring over the field 
k, in at most 6 indeterminates. 

(3) Localization, contraction and extension provide bijections 

specj A < — > spec A j < — > spec Z(Aj) 
primj A < — 5- max^4j •< — 5- maxZ(Aj). 

In particular, prim j A is the set of maximal elements of spec j A. 

There are exactly analogous results for the algebra O q (SL 3 (k)), relative to a 
standard action of a torus of rank 5 (see £|1.5[) . 

Our route to compute prim A follows the structure outlined above. We give more 
detail for the individual steps below. 

0.2. iJ-prime ideals and generating sets. The first step is to determine 
H- spec A. It is known that A has exactly 36 iJ-primc ideals, induced from those 
of O q (M^(k)) which do not contain the quantum determinant. Explicit generating 
sets for the ff-primes of O q (M^,(k)) were calculated in [3], and from these we obtain 
explicit generating sets for the iJ-primes of A (see §2.1|) . All these generators are 
quantum minors. 

The stratification of spec A corresponds to an analogous one for spec O q (SL^(k)), 
which coincides with the partition introduced by Hodges and Levasseur in [6] . Their 
partition was indexed by the double Weyl group 63 x S3, and we carry over their 
indexing to write 

H- spec A = {Q w I w e 5 3 x S 3 } 
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(see §2.2p . It is convenient to use similar indexing for the iJ-strata of spec A and 
prim A Namely, for w = (w+,w-) in S3 X S3, we set 

spec w A = spec w+ w _ A := spec Qw A 
pnm w A = prim ttI+;1u _ A := prim Qro A. 

0.3. Reduced localizations. For computational purposes, it is helpful to reduce 
the localizations Aj by shrinking the denominator sets E j to multiplicative sets 
consisting of normal elements, provided the reduced localization remains iJ-simplc. 
(Recall that an algebra with an ii-action is called H-simple provided it is nonzero 
and it has no proper nonzero i?-stable ideals. These conditions hold, in particular, 
if the algebra is prime and has no nonzero iJ-prime ideals.) We identify appropriate 
denominator sets E w C 8q w and set A w := (A/Q^E" 1 ] for w £ S3 x S3 (§ §3.11 
I3.2j) . The localization A w satisfies the same properties as Aq zu ( W3.2\i . Namely, 

(1) A w is H-simple. 

(2) Z(A W ) is a Laurent polynomial ring over k in at most 6 indeterminates. 

(3) Localization, contraction and extension provide bijections 

spec w A < — ► spec A w < — > spec Z(A W ) 
prim^ A < — > max A w < — > maxZ(A w ). 

0.4. Indeterminates. The next step is to calculate each of the rings Z(A W ), as 
a Laurent polynomial ring in specific indeterminates. We do this in Lemma 14.31 
(The bound of 6 on the number of indeterminates is not sharp - as it turns out, 
each Z(A W ) has Krull dimension at most 3.) 

Once we have expressed Z(A W ) in the form k[zf x , . . . , z^ 1 ], we can identify the 
primitive ideals in the stratum prim^, A via £|0.3f 3). assuming k is algebraically 
closed. They are exactly the inverse images of the ideals 

(E0.4) (A/Q w ) n (A w ( Zl -ai) + ---+A w (z d - a d )), 

for aj., . . • , ad £ k x , under the quotient map A — > A/Q w . However, this description 
only provides generators up to localization. Hence, one step remains. 

0.5. Primitive generators. For w e S3 x S3 and a%,...,a,i G k x , we find 
elements ai,...,ad G A/Q w which generate a prime ideal of A/Q w , and which 
generate the same ideal of A w as Z\ — ax, ■ . ■ , z& — otd (Lemma 15.31 and proof of 
Theorem 15. 5|) . It follows that ai,...,a<2 generate the ideal described in (|E0.4[) . 
Combining coset representatives of the ai with generators for Q w , finally, we obtain 
sets of generators for the primitive ideals in spec w A (Theorem 15. 5|) . 

1. Background and notation 

Fix a base field k throughout, and a nonzero element q 6 k which is not a root 
of unity. In our main theorem, we require k to be algebraically closed, but that 
assumption is not needed for most of the prior results. For this section, also fix an 
integer n > 2; later, we specialize to the case n = 3. 

1.1. Generators and relations. For n £ N, we present the quantized coordinate 
ring of the matrix variety M n (k) as the /c-algebra O q (M n (k)) with generators 
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(El.l) 



for 1 < i, j < n and relations 

XijXij = qXijXij (i < I) 

XijXi m — qXi m Xij (j < m) 

XijXlm = XlmXij (l < I, j > m) 

XijXi rn — Xi m Xij — qX im Xij (i < I, j <m) , 

where q := q — q ■ The quantum determinant in O q (M n (k)) is the element 

Dq := ^ (-qY^ -X"l,ir(l)-^2,ir(2) ' ' ' -^"n,7r(n) , 

where £(7r) denotes the length of the permutation n, that is, the minimum length 
of an expression for n as a product of simple transpositions (i, i + 1). The element 
-D g lies in the center of O q (M n (k)) (e.g., O Theorem 4.6.1]). The quantized 
coordinate rings of GL n (k) and SL n (k) are then given as a localization and a 
quotient of C 9 (M„(fc)), respectively: 

O q (GL n (k)) := O q (M n (k))[D~ 1 ]; O q (SL n (k)) := O q (M n (k))/ (D q - 1). 

Let us use Xij to denote the coset of Xij in O q (SL n (k)). 
Due to the assumption that q is not a root of unity, 

(1) All prime ideals of O q (M n (k)), O q (GL n (k)), and O q (SL n (k)) are com- 
pletely prime 

[H Corollary II. 6. 10], meaning that quotients modulo these prime ideals are do- 
mains. 

1.2. Quantum minors. For any nonempty sets /,J C {l,...,n} of the same 
cardinality, we write [I\J] for the quantum minor with row index set / and column 
index set J in O q (M n (k)), that is, for the quantum determinant of O q (M\j\(k) in 
the subalgebra k\x t j \ i e J, j G J) C O q (M n (k)). In detail, if I = {i x < ■ ■ ■ < i t } 
and J = {ji < • • • < jt}, then 

The corresponding quantum minor in O q {SL n {k)) is obtained by replacing X it7r ^ 
by £i j7r (i) in the formula above. It is just the coset of [I\J], and we will use the 
same notation for it. 

We often omit set braces and commas from the notation for quantum minors, 
writing [1|3] and [12|23] for [{1}|{3}] = X 13 and [{1, 2}|{2, 3}], for instance. Com- 
plementary index sets will appear in several formulas; we will use the notation 

7:={l,...,n}\7. 

Abbreviated set notation will be used here too, as in 23 = {2, 3}. 

1.3. Quantum Laplace and commutation relations. Some relations among 
quantum minors are needed for our computations; we record them here. We state 
ones holding in O q (M n (k)) (and thus also in O q (GL n (k))), and simply note that 
analogous ones hold in O q (SL n (k)). 
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The quantum Laplace relations say that 

n n 

(E1.3a) ^(-qy-'XijM = S a D q ^(-?r J W]*i! - S u D q 

3=1 3=1 

for all i, ^ |14| Corollary 4.4.4]. There are many commutation relations among 
quantum minors. Here are seven of the ones from |14[ Lemmas 4.5.1, 5.1.2]: 

(El. 3b) Xy [7jm] = \J\in\Xij (I ^ i, m ^ j) 

(E1.3c) _ _ S<J „ (l^i) 

s>j 

Xij[i\fh} - q[i\m]Xij = q^(-q) s ^ l [s\fh]X sj 

(E1.3d) _^ S<1 _. (m^j) 

X i:j [i\m\ - q 1 [i\m]X ij = -q^(-g) s l [s\m]X SJ 

XiM - mx* = qq(jT(-<iY- %x sAm - E(-«) i_< $® X < 

^s<i t>j 



(E1.3e) 



X tj m - mXv = q-iql^i-qy-tmXit ~ E(- 9 ) s - l X SJ P|j] 

^t<j s>i 

Finally, we give some commutation relations among (n — 1) x (n — 1) quantum 
minors |14[ Theorem 5.2.1]: 

(E1.3f) [i\m] = q- 1 [I|m] [i|j] {j < m) 

(Ei.3 g ) [mm=Q- 1 mm (*•<*) 

(E1.3h) [?|i][7|m] = [Z|m][T|j] (t < I, j > m) 

(E1.31) [T|j] [Tjm] - [Tjm] [7|j] = g]7|m] [T\j] (i <l,j<m). 

1.4. Symmetry. The algebras O q (M n (k)), O q (GL n {kj), and O q (SL n (k)) enjoy a 
number of symmetries, in the form of automorphisms and anti-automorphisms. We 
single out three. First, there is the transpose automorphism r on O q (M n (k)), which 
is a fc-algebra automorphism such that r(Xij) = Xji for all i, j [141 Proposition 
3.7.1(1)]. This automorphism also transposes rows and columns in quantum minors: 

r([I\J]) = [J\I] 

for all /, J [131 Lemma 4.3.1]. In particular, r(D q ) — D q , and so t induces 
automorphisms of O q (GL n (k)) and O q (SL n (k)) 7 which we also denote r. 

Let S denote the antipode of the Hopf algebra O q (GL n (k)); this is a fc-algebra 
anti-automorphism such that S(Xij) — (—qy" : '[j\i}D q 1 for all i, j (see Q31 Theo- 
rem 5.3.2], with q and q^ 1 interchanged). The action of S on quantum minors is 
given by 

Sim) = (-qr-^mn- 1 

for all /, J [lOj Lemma 4.1]. Since the antipode of O q (SL n (k)), which we also de- 
note by S, is induced by the antipode of O q {GL n {k)), we have S(xij) = (— <?)' 1 ~ J [j\i] 
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for all i, j, and the displayed formula becomes S([/|J]) = (— q)^ 1 EJ [J|f] in 
O q (SL n (k)). 

From [TJl Proposition 3.7.1(3)], there is a fc-algebra anti-automorphism p of 
O q (M n (k)) sending each to X n+ x-j,n+x-i- This sends D q to itself [TJ] Lemma 
4.2.3], so p induces anti-automorphisms of O q (GL n (k)) and O q (SL n (k)). Further, 
by [IH Lemma 4.3.1], 

p([J|J]) = [w (J)\w (I)} 

for all quantum minors [I\J] in O q (M n (k)), where wq :— n _j "1 is the longest 
element of the symmetric group S n . 

1.5. Torus actions. Write H (or ff„, if it is necessary to specify n) for the alge- 
braic torus (k x ) 2n , and let H act on O q (M n (kj) and O q (GL n (k)) in the standard 
way, namely by fc-algebra automorphisms such that 

(ai, . . . , a„,/3i, . . . ,(3 n ).Xij = atPjXij 

for all z, j. Then define the subgroup 

Si? := {(ai, . . .,atn,0i, ...,/3 n ) G if | aia 2 ■ ■■a n 0x02 ■■■/?„ = 1} 

of if. Since SH fixes f) g — 1, it induces an action (by fc-algebra automorphisms) on 
O q {SL n {k)). The actions of H on O q {M n {k)) and O q (GL n (k)), and the action of 
S".// on O q (SL n (k)), are rational. All quantum minors in O q (M n (k)) (respectively, 
O q (SL n (k))) are 77-eigenvectors (respectively, S" if -eigenvectors) . 

Although the transpose automorphism r of O q (M n (k)) is not Tf-equi variant, it 
does satisfy 

r((ai, . . . , On, /3i, . . . , /3„).Y) = (/?i, . . • , /3„, ai, . . . , a„).r(Y") 

for all («i, . . . , a„, Pi,..., j3 n ) G if and Y G O g (Af„(fc)). (To see this, just check 
the displayed identity for Y = Xij.) Consequently, r maps 7f-stable subsets of 
O q {M n (k)) to ff-stable subsets, and likewise in O q {GL n {k)). Similarly, r maps 
SH -stable subsets of O q (SL n {k)) to ^if-stable subsets. 
As for the S and p, we have 

S((ax,...,a n ,/3x,...,P„)Y) = (/3x\...,p-\ax\...,a- 1 ).S(Y) 

p((ax, ■ • ■ , On,Px, ■ ■ ■ , Pn)-Y) = (Pn, ■ ■ ■ , Pi, a n, ■ ■ ■ , Oti).p{Y) 

for all (ax, . . . , a n , Px, ■ ■ ■ , Pn) G H and Y G O q (GL n (k)). Consequently, S and p 
send ff-stable subsets of O q (GL n (k)) to ff-stable subsets, and similarly, S'ff-stable 
subsets of O q (SL n (k)) are mapped to STi-stable subsets. 

The sets of torus-invariant prime ideals in the algebras under discussion will be 
denoted 

H- spec O q (M n (k)); H- spec O g (GL n (k)); SH- spec O q (SL n (k)). 

Note that all three collections are stable under r and p, and that the latter two 
are stable under S. Recall from [2l Proposition II. 2. 9] that the ff-prime ideals of 
O q (M n (k)) or O q (GL n (k)) coincide with the prime 7f-stable ideals, and that the 
5fJ-prime ideals of O q (SL n (k)) coincide with the prime S ff-stable ideals. 
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2. TORUS-INVARIANT PRIME IDEALS 

For most of this section, we concentrate on the case n = 3 and take A := 
O q (GL 3 (k)). 

2.1. Generators. Generating sets for all iJ-prime ideals in O q (M^(k)) were deter- 
mined in [3]. For the 36 7i-primes not containing the quantum determinant, these 
generating sets are encoded in [3j Figure 6], a version of which we give in Figure 
[T] below. Since all prime ideals of A are induced from prime ideals of O q (M^(k)), 
Figure [T] also gives generating sets for all the ff -prime ideals of A. 

The positions in Figure [T] are indexed by pairs (u>+, W-) of permutations from S3; 
we will explain this indexing in £ |2.2l below. Each of the small 3x3 diagrams within 
the figure represents a selection of 1 x 1 and 2x2 quantum minors, given in positions 
relative to the 3x3 matrix (-Xy) of canonical generators for O q (M3(k)). Circles 
(o) are placeholders, bullets (•) stand for lxl quantum minors (i.e., generators 
Xij), and squares (□) stand for 2x2 quantum minors. For example, the diagram in 
position (321, 321) records an empty set of generators, while the diagram in position 
(231,231) records the generators [12 1 23] and X31. 
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Figure 1 . Generators for iJ-prime ideals 

2.2. Indexing. The indexing in Figure Q] is adapted from that used by Hodges 
and Levasseur in [BJ §2.2] for certain key ideals I w = I W+:W _ generated by quantum 
minors in O q (SL3(k)). In fact, one can show that the I w are exactly the S'iJ-prime 
ideals of O q (SL 3 (k)). Some of the quantum minors that belong to I w do not appear 
among the generators given in [6], but we find it useful to include them. Thus, the 
sets of quantum minors appearing in Figure Q] are slightly larger than the sets used 
to define the ideals I w . To give an explicit formula for our generating sets, it is 
convenient to recall the following relations among index sets. 
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Let I and J be finite sets of positive integers with the same cardinality, say t. 
Write the elements of these sets in ascending order: 

I = {h < ■■■ <it] J = {ji < ■■■ < it}- 

Then define I < J if and only if ii < ji for all I = 1, . . . , t. 
For y € S3, define the following ideals of A: 

Q+ := I i £ 2,(1)) + <[i|2] I i £ y(l),y(2)> + <[J|12] | / £ y(12)) 

Qy := <[T|T] I i £ y(l)) + <[7|12] I I £ i/(12)) + ([Jp] I J £ 2/(12), y(13)>, 

where, following our previous conventions, 2/(12) = j/({1,2}). Finally, for w = 
(w + ,w_) in 53 x S 3 , set 

The diagram in position w of Figure Q] gives a set of quantum minors that generate 
Q w , where we label a permutation y by its effect on 1, 2, 3. In other words, if y is 
given in input-output form by the matrix [ y m y ?2) y(3) ] ) we just record the bottom 
row of this matrix. Note that generating sets for the ideals — Qw+,321 are 

given in the left column of Figure [TJ and those for = Qs2i,w^ in the first row. 

2.3. Symmetry. By inspection of the generating sets in Figure [1] we see that 

r(Qt)=Q-- 1 r{Q-)=Q+_ 1 

for all y G S3. Consequently, 

(E2.3a) r(Q w+ , w _) = Q w -r >w - l 

for w + ,w_ G 5*3, and therefore r induces isomorphisms 
(E2.3b) A/Q w+tW _ ^ A/Q w - ljW -, . 

Further inspection reveals relations such as S(Q^ 32 ) C Q^ 32 m A. Since S sends 
ff-primes of A to iJ-primes and preserves proper inclusions, we obtain 

for y E S3. Thus, 

(E2.3c) S(Q w+ , w _) = Q w -r jW -i 

for G S3, and therefore 5" induces anti- isomorphisms 

(E2.3d) A/Q w+tW _ A A/Q w -^ w -i . 

Finally, we find that 

P{Qy) = Qway-^wo P(Qy ) = Q woy - 1 w 

for y G S3, and thus 

(E2.3e) P(Qw + ,w-) — Q wow- 1 wo^qwZ 1 wo 

for w + ,w- G 6*3. Hence, p and pr induce anti-isomorphisms 

A/Q w + W -A A/Q -1 -1 

(E2 3f) i-*u>+,w-. 1 ^wow + wo,wow_ wo 

A/Qw+,W— ^ A/Q WqW _ Wo ^wqw+wo 

for all u>+ , w- G 53 . 
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For convenience in identifying the (anti-) isomorphisms (|E2.3b|) . (jE2.3d[) . (|E2.3fj) . 
we list the permutations y , woy~ 1 wo, and woywo, for y G 53, in Figure [2] 
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Figure 2. 



2.4. Normal elements. The relations (El.l) and (E1.3b-e) imply that various 
quantum minors are normal in O q {M^{k)) and A, or become normal modulo certain 
ideals. In particular: 

(1) Xi 3 , X 3 i, [12|23], and [23|12] are normal. 

(2) X±2 and X23 are normal modulo (^13). 

(3) X21 and X 32 are normal modulo (X31). 

Inspection of Figure Q] immediately reveals that for each fT-prime ideal Q of A, the 
given generators can be listed in a sequence 01, . . . , at such that a\ is normal and 
Oj, for i > 1, is normal modulo (ai, . . . , a»— 1). Thus, we have a polynormal sequence 
of generators. Further, Figure Q] shows that each of the ideals (01, . . . , cij_i) is (H-) 
prime, and so Oj is regular modulo (a\, . . . , <ii-i). Hence, our list of generators is 
also a regular sequence. To summarize: 

(4) Each H -prime ideal of A has a polynormal regular sequence of generators. 

We now turn to the SiT-prime ideals of O q {SL^{k)), and show that they are 
exactly the push- forwards of the iJ-prime ideals of OqiGL^kJ) with respect to the 
quotient map. This holds for O q (SL n (k)) for arbitrary n, and we record the result 
in that generality. Let us write 7r : O q (M n (k)) — > O q (SL n {k)) for the quotient map 
and also for the natural extension of this map to O q (GL n (k)). 

The following proposition, in the case when k = C and q is transcendental over 
Q, is a corollary of [TTJ Lemme 3.4.10]. 

Proposition 2.5. The set map P 1— > ir(P) provides a bisection ofH-spec O q (GL n (k)) 
onto SH -spec O q {SL n {k)). 

Proof. Set A = O q {GL n {k)) and B = O q {SL n {k)), and let B[z ±1 ] be a Laurent 
polynomial ring over B. By |13l Proposition], there is a fc-algebra isomorphism 
£ : A — > B[z ] such that £(Xy) = zx\j for all j while = for all z > 2 

and all j. As shown in [31 Lemma II. 5. 16], there is a bijection SH- spec B — > 
iJ-specA given by the rule Q h4 £ _1 (Q[z ±1 ]). Hence, we need only show that 
£(P) = tt(P) [z ±x ] for all P e H- spec A. 

Any P e iJ-specA is generated by P PI C 9 (M„(fc)), so it is generated by the 
-ff-eigenvectors in P n C 9 (Af n (fc)). Thus, it will suffice to show that for any H- 
eigenvector a G O g (M n (fc)), there is a unit u G Pfz" 111 ] such that £(a) = wr(a). 
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Recall that O q (M n (k)) has a if -basis consisting of the lexicographically ordered 
monomials in the generators X%j . Let us write such monomials in the form 

— — — A ll A 12 ■•• A nn ; 

where m = (mn, TO12, • ■ • , rn nn ) G Z> . Consider an //-eigenvector 

t 

a = ^A 8 I^eO,(M n (fc)), 

8=1 

where the m s are distinct elements of Z™ and A s 6 fc x . If /i = (g, 1, 1, . . . , 1) S H, 
then 

t n 

fc.o = 5> r3 A s A^ e 0„(M n (*)), r s = ^K) l3 , 

8=1 J=l 

Since a is an //-eigenvector and q is not a root of unity, r s = r\ for all s. Conse- 
quently, 

t 

8=1 

as desired. □ 
Corollary 2.6. The set map P <— > ir(P) provides a bijection 

{P e H- spec O q (M n (k)) \D q (jtP}—> SH-spcc O q (SL n (k)). 
Proof. Compose the bijection of Proposition 12.51 with the bijection 

{P e H- spec O q {M n {k)) \D q £P}^ H- spec O q (GL n (k)) 
obtained from localization. □ 

2.7. Generators and normal elements in O q (SL 3 (k)). In view of Corollary 
12.61 there are exactly 36 S 1 //-prime ideals in O q {SL^(k)), also with generating sets 
encoded in Figure Q] (Here, of course, bullets stand for generators Xij.) As in 

(1) Each SH-prime ideal of O q {SL^(k)) has a polynomial regular sequence of 
generators. 

Combining iJ2.4f 4) and N2.7f l) with Theorem l7.2l viclds the following homological 
information. 

Theorem 2.8. (a) If P is any H-prime ideal of O q (GL 3 (k)) , then O q (GL 3 (k)) / P 
is Auslander-Gorenstein and GK-Cohen-Macaulay. 

(b) If P is any SH-prime ideal of O q (SL^(k)), then O q {SL^{k)) / P is Ausland- 
er-Gorenstein and GK-Cohen-Macaulay. □ 

3. Localizations 

For the remainder of the paper, we take n — 3, and set A := O q (GL 3 (k)). Our 
next step is to identify suitable normal elements with which to build the localiza- 
tions A„, Of ! 



3.1. Normal //-eigenvectors in factors modulo //-primes. Let y G S3. 

Hodges and Levasseur identified certain normal //-eigenvectors, labelled cf , in 
their factor algebras O q {SL^{k)) / 'T^ (6j Theorem 2.2.1]. The corresponding infor- 
mation in our case may be stated as follows: 
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(1) [y(l)|l] and [y(12)|12] are normal modulo Qy ■ 

(2) [j/(l)|l] and [y(12)|12] are normal modulo Q~ . 

In some cases, the 2x2 quantum minors given in (1) or (2) decompose into a 
product modulo Qy or Q~ . For example, [23 1 12] = X21X32 modulo Q 231 . In such 
cases, both factors of the product turn out to be normal in the quotient algebra, 
and we place both in the denominator set we will construct. Similarly, the central 
element D q sometimes decomposes modulo Qy or Q~ , in which case we include its 
factors in our denominator set. For instance, D q = [12|12]X33 modulo Q 2 i 3 - 

For w — (w + , w- ) € S3 x S3, we use the elements discussed above to generate a 
multiplicative set E w C A/Q w . Since all the generators will be normal elements, E w 
will be a denominator set. The generators for E w consist of some which are already 
normal modulo Q^ + and some which are normal modulo Q^_ . It is convenient to 
use these two types to generate multiplicative sets E^j C A/Q^ . The lists of 
generators are given in Figure [3] below. 

It follows from (El.l) and (E1.3b-e) that each quantum minor in row y and the 
second (respectively, third) column of Figure [3] is normal modulo Qy (respectively, 

Qy)- 



y generators for E+ generators for E y 

(modulo Q+) (modulo Q~) 

321 X 31 , [23|12] [12|23], X 13 

231 X 2l , X 32 [13|23], X 13 

312 X 3U [13|12] X 23 , X 12 

132 X n , X 32 , [23|23] [23|23], X 23 , X n 

213 X21, [12|12], X 33 X 33 , X 12 , [12|12] 

123 Xu, X22, X 33 X 33 , X22, Xn 



Figure 3. Generators for denominator sets E^ 

3.2. The localizations. For w = (w + ,w_) £ S3 x S3, define E w to be the 
multiplicative subset of A/Q w generated by the cosets of the elements listed as 
generators for E+ + and E~_ in Figure [3] The generators of E w , and thus all its 
elements, are normal in A/Q w . Consequently, E w is a denominator set, and we 
define 

A w := (A/Q^iE- 1 }. 
The action of H on A induces a rational action on A/Q w , and since E w consists of 
-ff-eigenvectors, the latter action induces a rational action of H on A w by fc-algebra 
automorphisms . 

We next check that none of the generators of E w is zero. For instance, Figure 
[1] records the fact that <3231,uj_ + (-^21) = <3i32.«i_ 7^ Q23i,w- for all whence 
X21 i- Q2Z\, W -- That X 31 Q 3 \2, w _ follows similarly, since X 31 e Q 3 i2,w^ would 
imply X21 S Q3i2,t«_ or X 32 G Q 3 i2,w-, given that [23| 12] e Q 3 i 2 , W -- To see, for 
example, that [13 1 12] ^ Q 3 i2, w ^, observe that X 3 2 ^ Q 2 3i uj -1 ano - a PP^y That 
[23 1 23] ^ Qi32,u)_ follows from the fact that D q = Xn[23|23] modulo Qi 3 2,w_- The 
other non-membership statements hold for similar reasons. 
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Thus, E w consists of nonzero elements of the domain A/Q w , and therefore the 
localization map A/Q w — > A w is injective. 

In view of Figure [TJ we also see that if J is an iJ-prime of A which properly 
contains Q w , then J / Q w contains at least one of the generators of E w . It follows 
that A w contains no nonzero iJ-primes, and consequently A w is iJ-simple. This 
establishes ffiCTl). and ^(2) then follows by [2] Corollaries II.3.9 and II.6.5]. 

We have noted that if J is an iJ-prime of A properly containing Q w , then 
(J/Qw) n E w is nonempty. Consequently, (P/Q w ) n E w is nonempty for any P 
in specj A. On the other hand, if P € spec^ A, the intersection of the i?-orbit of 
P/Q w is zero, so P/Q w contains no ii-eigenvectors of A/Q w . Therefore 

spec w A = {P e spec A \ P D Q w and (P/Q w ) n E w = 0}, 

and similarly for prim w A. Consequently, localization provides a bijection spec^, A 
spec j4 w . Since prim^ A consists of the maximal elements of spec^, A [5J Corollary 
II. 8. 5], it follows that localization also provides a bijection prirn^ A o maxA m . 
The remaining bijections of W.3f 3) follow because A w is £f-simple [H Corollary 
II.3.9]. 

3.3. Some isomorphisms and anti-isomorphisms. Some of the localizations 
A w are isomorphic or anti-isomorphic to others, via combinations of r, S , and 
p, as follows. First, note that for y ^ 312, the automorphism r sends the (coset 
representatives of the) generators for E+ listed in Figure [3] to the generators for 
Ey-i, while for z ^ 231, it sends the generators for E~ to the generators for 
E^-i- Consequently, for w + ^ 312 and w_ ^ 231, the isomorphism Aq w+ m _ — >• 

A /Q w 

-i -i of (]E2.3b| ) maps E w+ , w _ onto E w -i -i. Thus, r further induces 
isomorphisms 

(E3.3a) A w+ , w _ -A A w -i <w -i (w+ + 312, w_ £ 231). 

Next, observe that for y ^ 231, the antipode S sends generators for E+ to a set 
of generators for E^_ 1 , up to units. For instance, in the case y = 321 we have 

5(X 3 i) = g 2 [23|12] J D- 1 and 5([23|12]) = C^X 31 Dq\ 

while in the case y = 312 we have 

S(X 31 ) = q 2 [23\12]D^ ee q 2 X 21 X 32 D- 1 (mod Q+ 31 ) 
5([13|12]) = -qX 32 D-\ 

The cases y = 132, 213 are similar to the latter case. In the case y — 123, we have 

S(Xu) = \i\i\D- 1 ee X^ 1 (mod Q+ 3 ) for » = 1, 2, 3. 

Likewise, for z 7^ 312, 5 sends generators for E~ to generators for E~_ 1 , up to units. 
Consequently, for w+ ^ 231 and W- ^ 312, the anti-isomorphism A/Q w+tW _ — > 
A/Q w -i w -i of (|E2.3d|) maps E w+ _ w _ onto E w -i w -i, up to units. Thus, S further 
induces anti-isomorphisms 



(E3.3b) 



(w+ 231, w_ ^ 312). 
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Observation of the effect of the anti-automorphism p on generators for the de- 
nominator sets E^ , combined with (|E2.3fj) , yields anti- isomorphisms 

(E3.3c) A w , w -A- A -i -i (w+ ^ 312, w- ^ 231). 

Finally, we observe that the composition pr sends generators for Ey to generators 
for E^ oywo , with no restriction on y. Hence, there are induced anti-isomorphisms 

(E3.3d) A w+ W _ y A WqW Wo WoW+Wq (allu>-{-, w—). 

In the following, we will write C s J} to record that fc-algebras C and D are 
anti-isomorphic to each other. A list of some (anti-) isomorphisms obtained from 
(|E3.3aP (|E3.3d|) is given in Figure [4] In each row, the (anti-) automorphism which 
is used to obtain a given algebra from the first algebra in that row is displayed as 
a subscript. 



^321,321 










^231,321 


— r ^321,312 


^S- 1 ^-312,321 




1 t ^321,231 


^132,321 


— T ^321,132 


^213,321 




^■321,213 


^123,321 


— r ^321,123 








^231,231 


^pr ^312,312 








^4.312,231 


^231,312 








^132,231 


^132,312 


S rS ^231,132 


=pS 


^4-213,312 




— prS ^231,213 


— S- 1 tS ^312,132 




1 pS ^213,231 




^S- 1 prS ^312,213 








^123,231 


^123,312 


^tS ^231,123 


—s- 


1 tS ^312,123 


^132,132 


^p ^213,213 








^213,132 


— r ^132,213 








^123,132 


— r ^132,123 


^p ^123,213 


^pT 


^213,123 


^123,123 











Figure 4. Some isomorphisms and anti-isomorphisms among the A. 



4. Centers of localizations 

4.1. Indeterminates. Let w = (w + ,w-) € S3 x S3, and recall TO.3f 2). Our 

next task is to identify indeterminates for the Laurent polynomial ring Z(A W ). It 
will be convenient to use the same symbol to denote an element of A as for the 
corresponding coset in A/Q w . Thus, for a G A and e £ E w , we write ae _1 for the 
fraction (a + Q w )(e + Qw)^ 1 in A w . 

We first observe, using (El.l) and (E1.3b-e), that the elements listed in position 
w of Figure [5] below are central elements of A w . 

4.2. Centers of quantum tori. We reduce the process of determining the centers 
of the localizations Z(A W ) to calculating centers of quantum tori whose commuta- 
tion parameters are powers of q. Recall that if 

(E4.2a) B = k(x^ 1 , . . . , x^j 1 | XiXj = q aij XjXi for all i, j = 1, . . . , m), 

where (oy) is an antisymmetric m x m integer matrix, then Z{B) is spanned 
by the monomials in the Xi it contains, and Z(B) is a Laurent polynomial ring 



621 [Zd|lZjA 13 [Z6\IZ\JL 13 - Ai 2 A23A 31 - JJ q U q A 2 2^0|l^JA 3 f 

[12I23JX31 1 

# 9 # 9 D q D q 

231 XiX32X 13 [13|23]X 21 D q XiXsX^ X2X3-^2i D g 

[^IIS]^ 1 

D q D q D q D q 

312 [12\23}X^ D q [23I131AT2 1 X n X 32 X^ X 21 X 33 X U 1 D q 

[13I12JX23 1 

D q D q Xn Xu 

132 D q X1X3X32 ^"11X32X23 [23|23] D q X2X33 

X3X32 

Dq Dq X33 X1X22 

213 Dq Xi 2 X 33 X 21 X 2 iX 33 X 12 Dq [12|12] X33 

X2X21 

S5 Dq Xn X\\X 22 Xu 

O 123 X2I12I23JXJ3 1 £> 9 D q X2X3 X33 X2 

55 X 33 

H 

S3 
H 

a 

< 

< 
H 
Q 
O 
O 

o 



FIGURE 5. Indeterminates for centers Z(A W ) 
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klz^ 1 , . . . , z^ 1 } for some monomials Zj (e.g., [4j Lemma 1.2], [HI Lemma 2.4(a)]). 
The central monomials are determined as follows: 

m 

(E4.2b) x^x?, 2 ■■■x s 7 ™ e Z(B) ^r a ijSj = for i = 1, . . . , m, 

.7=1 

because of our assumption that g is not a root of unity. 

Lemma 4.3. Let w = (w+,w-) € S3 x S3, and /e£ zi,...,z<i 6e £/ie elements of 
A w listed in position w of Figure® Then Z(A W ) is a Laurent polynomial ring of 
the form 

Z{A w ) = k[zf\...,zf]. 

Proof, (a) There are 9 cases in which A w is a quantum torus, namely, when 

w = (231,123), (132,213), (132,123), (213,132), 

(213,123), (123,312), (123,132), (123,213), (123,123). 

In all of these cases, D q = X11X22X33 in A/Q W) whence X\\, X22, X33 are invert- 
ible in A/Q w . Any other Xy ^ Q w becomes invertible in A w because it occurs in 
E w . Thus, A w takes the form of a quantum torus on the generators X^ 1 for those 
X%j ^ Qw ■ 

In the case w = (123, 123), the algebra A w is commutative, equal to a Laurent 
polynomial ring feJX^j 1 , X^ 1 , X^ 1 ]. 

In the case w — (231,123), the algebra A w is generated by X^j 1 , X^ 1 , X^ 1 , 
Xg^ 1 , X33. A monomial in these generators is central if and only if it is of the form 
X^X^X^ for some s e Z. Thus, Z(A W ) = /c[(XiiX22X 3 3) ±:L ], which we rewrite 
in the form Z(A W ) = k[D^}. 

The remaining 7 cases listed above are analyzed in the same manner. 

(b) There are 8 cases in which A w can be presented as a localization of a skew- 
Laurent extension of O q (GL2(k)): 

w = (321, 123), (231,132), (231,213), (132,312), 

(132,132), (213,312), (213,213), (123,321). 

We deal with the case w = (321, 123) as follows. While A w is not itself a quantum 
torus, it can be localized to one. Namely, the powers of X21 form a denominator 
set, and the localization A' w :— yl^X^ 1 ] is a quantum torus on the generators 
x u, x 2i, x 22, x iti, [23|12] ±1 , X 3 ± 3 1 . Some of the work of checking this can be 
avoided by first forming a quantum torus B as in (E4.2a) with m = 6 and 



(aij) 



0101 
-1011 

0-100 
-1-10 
-1000 

00-1 



observing that there is a /c-algebra homomorphism <j> : B — >• ~Fv&ct{A/Q w ) sending 
Xi,...,xq to X11, X21, X22, X31, [23|12], X33, respectively; and checking that 
4>{B) is generated by A w U {X^ 1 }. (That X32 G 4>{B) follows from the identity 
X32 = X^i (0X2X31 + [23| 12]) .) Now B is a domain with GK-dimension 6, while 
GK.dim(0(£?)) > GK.dim(A/Q w ) = 6, from which we conclude that ker0 = 0. 
Thus, 4> maps B isomorphically onto A' w . From (E4.2b), we find that a monomial 
X 1 a 1 X^X 2 c 2 X3 i 1 [23|12] e X 3 / 3 is central if and only if a = f = c + d, b = 0, and 
e = — d. Consequently, Z{A' W ) can be written as a Laurent polynomial ring in 
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indeterminates XnX22X 33 and X22^3i 1 [23|12]. For convenience, we rewrite these 
as D q and X22[23|12]X 31 1 . Since these are elements of A w , we see that Z(A' W ) C A w , 
and therefore Z(A' W ) = Z(A W ). This verifies the entry in position w of Figure 03 

The other 7 cases can be analyzed in the same manner. In fact, it suffices to 
deal with the cases (132, 312) and (132, 132), in view of the (anti-) isomorphisms 

4-321,123 — r ^123,321 

4-231,132 — r ^4l32 : 312 ^p ^213,312 — t 4-231,213 
4-132,132 ^p 4-213,213 

given by (|E3.3a|) , (|E3.3c[l . For the mentioned cases, the following localizations A' w 
of A w can be used: 

^4l32,312[^33 1 ] ^132,132 [X33 1 ] 

(c) Six of the cases analyzed above yield additional cases via the following anti- 
isomorphisms obtained from (|E3.3bj) : 

4-312,213 ^231,213 ^312,123 -4231,123 ^123,231 4i23,3l2 

4.312,132 4.231,132 4-132,231 ^5 4i32,3l2 4213,231 4213,312 

For instance, taking w = (312, 213), the anti-isomorphism A w — )• 4.231,213 of (|E3.3b[> 
sends 

D- 1 .— > D q g 2 [23|13]- 1 ^[12|12]Z?- 1 [13|23] J D- 1 .— > X l2 X 33 X^. 

In A w , we have [23 1 13] ~ 1 D g [12 1 12] _D ~ 1 [13 1 23] IP ~ 1 = X^X^X 12 , and so Z{A W ) 
can be written as a Laurent polynomial ring in indeterminates D q and X 2 \X 33 X^ 2 ■ 
This establishes the case w = (312,213), and the other 5 can be analyzed in the 
same manner. 

(d) Next, we consider 4 cases in which A w is isomorphic to a localization of a 
skew-Laurent extension of O q (M 2<3 (k)): 

w = (321,132), (321,213), (132,321), (213,321). 

If w = (321,132), the localization A' w := A^X^ , X^] is a quantum torus on 
the generators X^ 1 , Xf 1 , X^, Xf l , X* 1 , [23|12] ±:L , [23|23] ±1 . Using (E4.2b), 
we compute that the central monomials in A' w are the powers of Xn[23|23] = D q , 
whence Z(A' W ) = ^[I?* 1 ], and thus Z(A W ) = k[D^]. The remaining cases follow 
from this one via the (anti-) isomorphisms 

4-321,132 — r 4i32,321 ^p 4213,321 — T 4-321,213 

given by (TE3.3a|) . (|E3.3c|> . 

(e) Four cases in which Q w has height 2 remain: 

w = (231,231), (231,312), (312,231), (312,312). 

If w = (231, 231), the localization A' w := A W [X^ , [23|23] _1 ] is a quantum torus on 
the generators Xf 1 , X^, Xf 2 \ X±\ [13|23] ±1 , [23|23] ±1 , D^ 1 . To see that X lu 
X\2, X 22 , X23 lie in the given quantum torus, observe, using (El. 3a), that 

X u = [23123]- 1 (Dq + q- 1 [!3\23]X 2 i) X 12 = ( [13 1 23] + qX 13 X 32 ) X^ 1 
X22 = g[13|23]- 1 [23|23]X 12 X 23 = ^lS^]- 1 ^^]^ 
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in Fiact(A/Q w ). With the help of (E4.2b), we compute that Z(A' W ) is a Laurent 
polynomial ring in the indeterminates D q , [13|23]X^\ and X 13 X~ 2 1 [13\23}- 1 D q . 
The last of these is chosen to take advantage of the identity 

(E4.3a) X 13 D q = [12 1 13] [13| 23] - g[13|13][12|23], 

which is obtained by applying S to the identity [12 1 23] = ^"12-^23 — gX\ 3 Xii and 
multiplying by q 2 D q . In particular, 

(E4.3b) X 13 D q = [12|13][13|23] modulo <[12|23]>, 

whence Xi 3 X^[13\23]- l D q = [12|13]X^ 2 1 in A w . Consequently, Z(A' W ) is a Lau- 
rent polynomial ring in the indeterminates listed in position w of Figure [5] Then 
Z'(A W ) = Z(A W ), completing this case. 

The case (231,312) is analyzed in the same manner, and the other two cases 
follow via the anti-isomorphisms A312.231 ^231,312 and ^231,231 s pr ^312.312 of 
(IE3.3bl) . (|E3.3dl) . 

(f ) There are 5 cases remaining: 

w = (321,321), (321,231), (321,312), (231,321), (312,321). 

If w = (321,312), the localization A' w := A W [X^, X%i, [12|12] _1 ] is a quantum 
torus on the generators Xff, X±\ X±\ X±\ X^, [12|12] ±1 , [23|12] ±1 , Df 1 , 
which we analyze as above. 

The cases (321,231), (231,321), (312,321) follow via the (anti-) isomorphisms 

^312,321 ^231,321 — r ^321,312 ^S-l ^321,231 

of (IE3.3al) . (IE3.3bl) . 

In the final case, w — (321, 321), the localization 

A' w := A W [X^,X^,X^, [12I12]- 1 ] 

is a quantum torus on the generators X^ , X^i X^ 3 , ^21 i -^-ti' [12|12] =l=1 , 
[12|23] ±1 , [23|12] ±1 , D^ 1 , which we analyze as above. □ 

5. Primitive ideals 

5.1. Generators. Let w 6 S3 x S3, let z\,...,z<i be the elements of A w listed in 
position w of Figure [51 and let ai, . . . , oid in fc x . By H0.3f 3). 

(1) For any I < d, the elements Z\ — a%, . . . , zi — a; generate a prime ideal of 
A w . It is a maximal ideal if and only if I = d. 

(2) For any I < d, the ideal 

(E5.1) P' =P^(a 1 ,...,a l ) := ((2* - ax)A w + ■ ■ • + (z t - ai)A w ) n (A/Q w ) 

is a prime ideal of A/Q w . It is primitive (whence P' = P/Q w for some 
P e prim^ A) if and only ifl = d. 

(3) If k is algebraically closed, then every quotient P/Q w , for P G prira^ A, is 
an ideal of the form (|E5.1[) for I = d and some ai £ fc x . 

We wish to identify generators for the prime ideals (|E5.1|) . Each Zi can be 
expressed as a fraction e^/" 1 for some e$, fa S E w , and so P' = P" A w fl (A/Q w ) 
where 

P" = (ei - aMA/Qv) + ■ ■ ■ + (e, - aifa){A/Q w ). 
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Thus, P' contains P" and these two ideals are equal up to -E^-torsion. They will 
be equal - thus providing a set of generators for P' - if and only if P' / P" is E w - 
torsionfree. To establish the latter condition, it will suffice to show that generators 
for E w are regular modulo P" . 

Elements which we shall use to generate the above ideals are given in Figure |6l 
where a, ft, 7 denote arbitrary nonzero elements of k. Each entry in position w 
of this table is of the form e — Xf for some e, / G E w and A G fc x , where e/ _1 
appears in position w of Figure [5] Thus, ef" 1 is a central element of A w and / is 
a normal element of A/Q w , from which it follows that e — Xf is normal in A/Q w . 
To summarize: 

(4) The elements c\, . . . , C4 listed in position w of Figure\6\ are normal elements 
ofA/Q w . 

(5) For I < d, the elements c\, . . . , C; generate a prime ideal of A w . 

5.2. To aid in showing that the elements displayed in Figure[6]generate prime ideals 
in various factor algebras of A, we record some definitions and useful observations. 

Suppose that R is a noetherian ring, a an automorphism of R, and a G Z(R). 
The generalized Weyl algebra constructed from these data is the ring R(a, a) gen- 
erated by R together with two elements x, y subject to the relations 

yx = a xy — o~(a) xr — cr(r)x yr — a^ 1 (r)y 

for r G R. If R is a domain and a ^ 0, then i?(er, a) is a domain [TJ Proposition 
1.3(2)]. 

Let 7r : A — > O q (SL-i(k)) be the quotient map, and u> G S3 x S3. By Proposition 
12.51 ir(Q w ) is a prime ideal of O q (SL 3 (k)), and so its inverse image, Q w + (D q — 1), 
is a prime ideal of A. Given any a G k x , we can choose h G H such that h{D q ) = 
a~ 1 D q , for instance h = (a -1 , 1, 1, 1, 1, 1). Then h(Q w + (D q — 1)) = Q w + {D q —a), 
and we conclude that 

(1) Qw + (Dq — a) is a prime ideal of A for any w G S3 x S3 and a G k x . 

Proposition 12.51 also shows that ir(Q w ) ^ n(Q v ) for any distinct w,v G S3 x S3. 
In particular, 7r must preserve strict inclusions among the Q w , whence 

(2) Ifw,veS 3 x S 3 and Q w C Q v , then Q w + (D q - 1) C Q v + (D q - 1). 

This statement is useful in showing that certain elements do not belong to prime 
ideals of the given form. For instance, if x G A and Q w + (x) = Q v for some v =/= w, 
statement (2) implies that x ^ Q w + (D q — 1). 
As a particular example, 

X12 , X23 f. Q231,312 + (Dq — 1) = ^321,312 + (D q — 1, X31) . 

Since the displayed ideal is prime (by (1)), it does not contain X12X23, and thus 

-^12^23 — ^31 $■ Q321.312 + (D q — 1, X31). 

Similarly, X 12 X 23 - X 31 £ Qi 2 3,3i2 + (D q - 1). Since (5321,312 C Q123.312 and 
[23|12] G <2i23,3i2, it follows that 

X 12 X 23 - X31 i Q 32 i,3i2 + (D q - 1, [23|12]>. 

The following easy observation will help us check that certain elements are reg- 
ular modulo certain ideals. 



[23|12j-/?X 13 [23|12j-/3X 13 X 12 X 23 - f3X 31 D q - a D q - a X 22 [23\12\ - /3X 31 

[12|23]- 7 X 31 

D q — a D q — a D q — a D q — a 

X 2 \X 32 - (3X 13 [13|23] - (3X 21 D q - a XuX 23 - (3X 32 X 12 X 33 - f3X 21 D q - a 

[12|13]- 7 X 32 

D q — a D q — a D q — a D q — a 

[12|23] - /?X 31 Dq-a [23|13] - /3X 12 X X1 X 32 - /3X 23 X 21 X 33 - f3X 12 D q - a 

[13|12]- 7 X 23 

D q — a D q — a X\\ — a X\\ — a 

Dq-a XuX 23 -f3X 32 XnX 32 -l3X 23 [23|23] - D q - a X 22 X 33 - p 



X 23 — jX, 



:S2 



D q — a D q — a X 33 — a X\\X 22 — a 

Dq-a X 12 X 33 -f3X 21 X 21 X 33 -f3X 12 D q - a [12|12] — j9 X 33 - f3 



X 12 — 7 X 
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D q — a X\\ — a X\\X 22 — a X\\ — a 

X 22 [12\23]- /3X 13 Dq-a D q - a X 22 X 33 -(3 X 33 - (3 X 22 - 

X 33 - 7 



FIGURE 6. Generators for some prime ideals in factor algebras A/Q 
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(3) Let x and y be nonzero normal elements in a domain B. If y is regular 
modulo (x) {e.g., if (x) is completely prime and y ^ {x}), then x is regular 
modulo (y). 

For, if b G B and xb G (y), then xb = cy for some c G B. Regularity of y modulo 
(x) implies that c — xd for some d G B, and thus xb = xdy. Cancelling x (valid 
because B is a domain) yields b = dy G (y) . Similarly, bx G (y) implies fee (y) . 

In applying (3) in factor algebras B of A, we continually rely on the fact that 
all prime ideals are completely prime ( ijl.lf 1)). 

For example, we know from (1) that B := A/ (Q321.312 + (D q — 1)) is a domain 
and that X31B is a prime ideal of B. As shown above, X\ 2 X 2 3 — -X31 is not in 
X-i\B. Thus, (3) implies that X31 is regular modulo (A12X23 — A 3 i)J5. We also 
saw that X12A23 — X31 is not in [23|12]£?. The latter is a prime ideal of B, because 

<2321,312 + (D g - 1, [23|12]) = Q 3 12,312 + (A, - 1>. 

Consequently, (3) implies that [23 1 12] is regular modulo (X12X23 — X^ijB. Re- 
stating our information in A, we obtain that X31 and [23| 12] are regular modulo 

0321,312 + {D q — 1, A12A23 — A31}. 

Finally, we record one extension of (3): 

(4) Let x, y, z be nonzero normal elements in a domain B. If y is regular 
modulo {x) and z is regular modulo {x,y), then x is regular modulo (y,z). 

For, if 6 G B and xb G {y, z), then xb = c\y + C2Z for some Cj G B, and c 2 z € (x, y). 
By hypothesis, C2 = xd\ + yc?2 for some dj € B, and x{b — d\z) = c\y + yd^z € (y). 
Since x is regular modulo {y) by (3), it follows that b — d\z G {y) and thus b G {y, z). 
Similarly, bx G {y, z) implies b G {y,z). 

For example, from (1) the algebra £? := A/(Q23i,23i + (-Dq — 1)) is a domain 
and X21-B is a prime ideal. By (2), X 32 is not in Qi32,2i3 + {D q — 1). Since the 
latter ideal contains Q23i,23i as well as X 2 i and [12| 13] , we see that [12 1 13] — X 32 £ 
Q23i,23i + {D g - 1, X 2 i). Thus, [12| 13] - A 32 is not in X21B, so it is regular 
modulo A21-B. Similarly, by inspecting Qi23,2i3 we see that [13 1 23] — X21 is not 
in X21B + ( [1 2 1 13] — X^2)B. This ideal of B is prime, as we shall prove in the 
case (132,231) of Lemma 15.31 Once that is established, (4) will imply that X21 is 
regular modulo 

0231,231 + {D q - 1, [12|13] - A 32 , [13|23] - X 21 ). 

Lemma 5.3. Let w G S3 x ^3, and let 01, . . . , be the elements of A/Q w listed 
in position w of Figure [6] {for some choices of a, /3, 7 G k x ) . For I = 1, . . . , d, the 
elements a%, . . . ,ai generate a prime ideal of A/Q w . 

Proof. I = 1. For any a G fc x , §5.2(1) implies that {D q — a) is a prime ideal of 
A/Q w . This establishes the case I = 1 of the lemma for 29 of the 36 choices of w. 
We shall deal with the other 7 choices in cases (a) and (b) below. For now, note 
also that the lemma is complete in the following 12 cases: 

w = (321,132), (321,213), (231,312), (231,123), (312,231), (312,123), 

(132,321), (132,213), (213,321), (213,132), (123,231), (123,312). 

(a) As in the proof of Lemma 14. 3[ we next address the 9 cases in which A w is 
a quantum torus. Four of these cases are covered under (/ = 1) above, leaving the 
following 5 cases: 

w = (132,123), (213,123), (123,132), (123,213), (123,123). 
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If w = (123, 123), the algebra A/Q w is a commutative Laurent polynomial ring 
with indeterminates X\\, X22, X 33 , and the desired results are clear. If w — 
(132, 123), then 

A/ (Q w + (X n - a)) = k(x ±x ,y, z ±x \ xy = qyx, xz = zx, yz = qzy) 
A/(Q W + (X n - a, X 22 X 33 - j3)) = k(x ± \y | xy = qyx), 

both of which are localizations of quantum affine spaces and so are domains. Thus, 
the ideals (Xn — a) and {Xn — a, X 22 X 33 — (3) are prime ideals of A/Q w . The 
other 3 cases follow the same pattern. 

(b) Next, consider the 8 cases of Lemma 14. 3f b): 

w = (321,123), (231,132), (231,213), (132,312), 
(132,132), (213,312), (213,213), (123,321). 

w = (132, 132). The relevant quotient algebras have the following forms: 

A/(Q w + (X n -a))=O q (GL 2 (k)) 
A/(Q W + (Xn - a, [23|23] - (3)) £ O q {SL 2 {k)) 
A/{Q W + (Xn - a, [23123] - 0, X 23 - 1 X 32 )) = 

k(x, z,y I xz — qzx, zy = qyz, xy — qjz 2 = yx — q^ 1 jz 2 — (3). 

(In the third case, x, z, y correspond to X 22 , X 32 , X 33 , respectively.) The first 
two algebras are known domains. The third is a generalized Weyl algebra fe[z](cr, a) 
where a is the automorphism of k[z] sending z 1— > qz and a = q~ lr yz 2 + j3, and thus 
it too is a domain. This establishes the case w = (132, 132). 

The case w = (213, 213) is handled via the induced anti-isomorphism 

^4-/Ql32,132 ^4/<?213,213- 

These results, together with (a), cover the remaining cases of (I = 1). 

w = (231, 132). The quotient A/(Q W + (D q — a, XnX 23 — (3X 32 )) is isomorphic 
to the fc-algebra with generators w, x, z, y, D and relations 

wx = qxw wz = zw wy = yw 

wD = qDw xz = qzx zy = qyz 

xD = Dx zD = Dz yD = Dy 
xy — qa^ 1 (3z 2 D = yx — (3z 2 D = D. 

(Here w, x, z, y, D correspond to X21, X 22 , X 32 , X 33 , [23|23], respectively.) This 
algebra is a domain because it can be expressed as a skew polynomial extension of 
a generalized Weyl algebra in the form (k[z, I? ±1 ](ct, a)) [w; p] where the automor- 
phism a sends z H> qz and D 1—^ D, the element a = q~ 1 a~ 1 /3z 2 D + D, and the 
automorphism p sends 



z (->• z 



qD 



x 1— > qx 



y^y- 
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In view of the induced (anti-) isomorphisms 

4/(0331,132 + (Dg - a, X U X 23 - PX 32 )) =r 

4/(Qi32, 3 i2 + (D q - a, X n X 32 - 0X 23 )) 
4/(0231,132 + (D q - a, X n X 23 - $X 32 )) ^ p 

4/(0231,213 + (D q - a, X 12 X 33 - f3X 21 )) 
4/ (0231,213 + (D q - a, Xi 2 X 33 - PX 2 i)) = T 

4/(0213,312 + {D q - a, X 21 X 33 - jSXia)), 

the cases (132,312), (231,213), and (213,312) follow. 
w = (321, 123). Here we find that 

4/ (Q w + (D q — a, X 22 [23|12]-/3X 3 i» = {k[z ±l , D]{a, a)) [w; p], 

where a = q~ 1 (3~ 1 z 2 D + D and a, p act as in the case (231, 132). Finally, the case 
(123, 321) follows from this one by applying r. 

(c) Of the 6 cases of Lemma r4.3f c). (312, 123) and (123, 231) are covered under 
(I = 1), leaving 

w = (312,132), (312,213), (132,231), (213,231). 

The anti-isomorphism 4/0231,132 — > 4/Q 3 i 2 ,i32 of (|E2.3d[) sends D q — a to 
D^ 1 — a and 

X U X 23 - PX 32 = [12 1 13] - pX 32 .— > 

- q-'X^D- 1 + ^[13|12]£>- 1 = -q-'X^D- 1 + pqX n X 32 D-\ 
and consequently 

4/(0231,132 + (D q - a, X n X 23 - pX 32 )) & 

4/(0312,132 + (Dg - a~\ X n X 32 - p-\- 2 X 23 )). 

Since a -1 and P~ l q~ 2 run through all choices of nonzero scalars in fc, the case 
(312, 132) thus follows from the case (231, 132). Similarly, the case (312, 213) follows 
from the case (231,213). 

The cases (132,231) and (213,231) now follow from the cases (312,132) and 
(312,213) via r. 

(d) The four cases of Lemma 14. 3f dh namely 

w = (321,132), (321,213), (132,321), (213,321), 

are all covered under (I = 1). 

(e) (f) Of the 9 cases considered in Lemma H3[e)(f), (231,312) and (312,231) 
are covered under (I = 1), leaving 

w = (321,321), (321,231), (321,312), 

(231,321), (231,231), (312,321), (312,312). 

w = (321, 312). We must show that the ideal 

P := Q w + (D q - a, X 12 X 23 - pX 31 ) 



PRIMITIVE IDEALS IN QUANTUM SL 3 AND GL 3 



23 



of A is prime. If h = (S, l,e, 1, 1, 1) e i?, where <5, e £ fc x are chosen so that 
Se = or 1 and (5 _1 e = f3, then 

+ (D q - 1, V 12 V 23 - X 31 » = Q,„ + (£), - a, X 12 X 23 - /?X 31 ). 

Hence, we may assume that a = (3 = 1. In view of the discussion in §5.1, it will 
suffice to show that the generators of E w are all regular modulo P. In the present 
case, these generators are 

X 31 , [23|12], X 23 , X 12 . 

To show that these four elements are regular modulo P, we verify the corresponding 
properties for the ideal P 1 := Pj (Q w + (D q — 1)) in the domain 

A' :=A/(Q w + (D q -l)). 

That X 3 i and [23| 12] are regular modulo P' is already worked out in §5. 2(d). 
Similarly, we check that X 23 A' and X\ 2 A' are prime ideals of A' which do not 
contain X\ 2 X 23 — X 3 \, and then §5.2(3) implies that X23 and X\ 2 are regular 
modulo P' . Therefore we conclude that P is a prime ideal, completing the case 
w = (321,312). 

The cases (231,321), (321,231), and (312,321) follow via r, S, and tS, respec- 
tively, taking account of (E4.3b) in the case (321,231). 
w = (231, 231). We must show that the ideals 

P := Q w + (D q - a, [13|23] -^21) 
M := Q w + (D q - a, [13|23] - /3X 2U [12|13] - jX 32 ) 

are prime. Without loss of generality, a = = 7 = 1. It suffices to show that the 
generators of E w , namely 

X 2 \ , X 32 , [13 1 23] , X13 , 

are regular modulo P and M. We shall work with the images of P and M in the 
domain A' := A/(Q W + (D g - 1)), which we denote P' and M' . 

Via §5.2(1)(2), we see that X 21 A' and X 32 A' are prime ideals of A' which do not 
contain [13|23] — X 21 . Hence, §5.2(3) implies that X 2 \ and X 32 are regular modulo 
P' . Since [13|23] is congruent to X 2 i modulo P', it follows that [13|23] is regular 
modulo P' . 

For the regularity of X\ 3 modulo P', we show that [13|23] — X 2 \ is regular modulo 
X 13 A'. Observe that A'/X 13 A' S A"/[12\23]A" where 

A" :=A/(Q 23h312 + (D q -l)). 

Hence, it will be enough to show that [13|23] — X 2 \ is regular modulo [12|23] A" = 
^12^23^4"- For that, regularity modulo both X\ 2 A" and X 23 A" will suffice. Via 
§5.2(1), we see that Xi 2 A" and X 23 A" are prime ideals of A" . Since 

(3231,312 + {D q - 1, X 12 , X 23 ) = Q 2 31,123 + (D q - 1) £ Ql32,123 + <D, - 1), 

we find that [13|23] - X 21 <£ X 12 A" + X 23 A". Thus, [13|23] - X 21 is regular modulo 
both Xi 2 A" and X 23 A", as desired. 

Therefore Vi 3 is regular modulo P', concluding the proof that P' is prime. 

Inspecting Q\ 32 ^\ 23 , which contains Q 23 i l23 i as well as X 21 and [12| 13] but not 
V 32 (by §5.2(2)), we see that [12|13] - V 32 is not in X 21 A' . We have already 



24 



K.R. GOODEARL AND T.H. LENAGAN 



observed that the latter ideal is prime. Hence, [12 1 13] — A32 is regular modulo 
X21A' . From the case (132, 231) done in (c) above, we know that 

Ql32,231 + (D q - 1, X n X 23 - X 32 ) = Qi32,231 + (D q - 1, [12 1 13] - X 32 ) 
is a prime ideal of A, and thus X 2 \A' + ( [12 1 13] — X 32 )A' is prime. Inspecting 
Qi23,2i3, which contains Q23i,23i as well as X 2 i, X 32 , and [12 1 13] — X 32 but not 
[12|13], we see that [13|23]-X 2 i t X 2 iA + ([12|13] - X 32 )A'. Hence, [13|23]-X 2 i 
is regular modulo X 21 A' + ([12|13] - X 32 )A'. Wc now conclude from §5.2(4) that 
X 2 i is regular modulo M 1 . 

A symmetric argument shows that X 32 is regular modulo M' . Since [13 1 23 1 and 
[12 1 13] are congruent to X 2 \ and X 32 modulo M' , it follows that [13 1 23 1 and [12 1 13] 
are regular modulo M' . In view of (E4.3b), X13 is congruent to [12 1 1 3] [13 1 23] 
modulo M', and thus it is regular modulo M' . We now conclude that M' is prime, 
concluding the case (231,231). 

The case (312, 312) follows via r. 

w = (321, 321). Here Q w — 0, and we must show that the ideals 
P:= (D q -a, [23|12]-/3X 13 ) 

M := Q w + (D q - a, [23|12] - 0X 13l [12|23] - 7X31) 

are prime. Without loss of generality, a = j3 = 7 = 1. It suffices to show that the 
generators of E w , namely 

X31, [23|12], [12|23], X 13 , 

are regular modulo P and M. We shall work with P' := P/(D q — 1) and M' :— 
M/ (D q - 1) in the domain A' := A/(D q - 1). 

Via §5.2(1), we see that X 3 \A' , [12|23]A', and Xi 3 A' are prime. Since 

(D q - 1, X31) C Qi 23 ,321 + (D q - 1) C Qi 23: 312 + (D q - 1), 

we see by §5.2(2) that [23 1 12] — Xi 3 ^ X 3 \A' . Similarly, this element is not in either 
[12|23] A' or X 13 A', as we see by inspecting Q 3 2i,i23 C Q312423 and Q 3 2i,3i2 C 
Q3i2,3i2- Hence, [23| 12] — Xi 3 is regular modulo each of X 3 iA', [12|23] A', and 
X 13 A'. By §5.2(3), X 3i , [12|23], and X 13 are all regular modulo P' . Moreover, 
[23 1 12] is congruent to X\ 3 modulo P', and so it is regular modulo P 1 . Therefore 
P' is a prime ideal of A'. 

As just checked, [23|12] - X 13 is regular modulo X 13 A' . By §5.2(1), 

(D q - 1, X 13 , [23|12] - X 13 ) = Q 3 i2,3i2 + (D q - 1) 

is prime in A, and so X13A + ( [23| 12] — Xi 3 )A' is prime in A'. This ideal does not 
contain [13|23] - X 31 , as we see by inspecting Qi23,3i2 £ Qi23,i32 and Qi23,3i2 Q 
Qi23,2i3, and so [13|23] - X 31 is regular modulo X 13 A' + ([23|12] - X 13 )A'. Thus, 
§5.2(4) implies that X± 3 is regular modulo M'. Applying r, which induces an 
automorphism of A' stabilizing M', we find that X 3 i is regular modulo M'. Since 
[23 1 12] and 12|23] are congruent to X 13 and X 31 modulo M', it follows that [23|12] 
and 12 1 23] are regular modulo M'. Therefore M 1 is a prime ideal of A', concluding 
the last case of the lemma. □ 

Corollary 5.4. Let w G S 3 x S 3 , and let ai, . . . ,a c i be the elements of A/Q w listed 
in position w of Figure [6] (for some choices of a, ft, 7 G k x ) . Then a\ , . . . , ad is a 
normal regular sequence in A/Q w . □ 

We can now establish our main theorem. 
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Theorem 5.5. Let A = O q (GL 3 (k)) , with k algebraically closed and q not a root 
of unity. 

(a) Let w € S3 x £3, and let a%, . . . ,ad be the elements listed in position w of 
Figure\6\ (for some choices of a, ft, j 6 k x ), now viewed as elements of A. Then 
Qw + (di, ■ ■ ■ , o-d) is a primitive ideal of A. 

(b) The ideals described in (a) constitute all the primitive ideals of A. 

Proof, (a) Let 21, . . . , Zd be the elements of A w listed in position w of Figure [5j and 
write a\ = a, a% = ft, Set P = Q w + (ax, . . . , ad), and observe that 

{P/Qw)A w = (zi - ax)A w H h (zd - a d )A w , 

which is a prime ideal of A w by ^5.1f l). By Lemma 5.3, P/Q w is a prime ideal of 
A/Q w , from which we conclude that P/Q w = [P/Q W )A W n (A/Q w ). Consequently, 
M5 . 1IT 2) implies that P is primitive. 

(b) If P is a primitive ideal of A, then P £ prim^, A for some w £ S3 x 53. In 
view of , 

P/Qw = ~ ai)Ao +••• + («!- aOAo) n (^/<3») 

for some € A; x , where z±, . . . , are the elements of A w listed in position w of 
Figure [5] Set a = ax, (3 — a^, ■ ■ ■ , and let 01, . . . , o<j be the elements listed in 
position u> of Figure |U As shown in the proof of (a) above, P/Q w equals the ideal 
of A/Q w generated by the cosets of ax, ■ • ■ , ddi an d therefore P — Q w + (ax, ■ . . , a d ), 
as desired. □ 

Let 7r : O q (GLs(k)) —> O q (SL^(k)) denote the canonical quotient map. Since 
the primitive ideals of O q (SL 3 (k)) are precisely the ideals of the form ir(P) where 
P is a primitive ideal of O q (GL 3 (k)) containing D q — 1, generators for the primitive 
ideals of O q (SL 3 (k)) can be immediately obtained from Theorem 15.51 as follows. 

Corollary 5.6. Let B = O q (SL 3 (k)) 7 with k algebraically closed and q not a root 
of unity. 

(a) Let w € S3 x S3, and let ax, ■ ■ ■ ,a,d be the elements listed in position w of 
Figure^\(for some choices of a, j3, 7 £ k x ), now viewed as elements of B . Moreover, 
view Q w as an ideal of B (as defined in £|2.2[) . Then Q w + (a\, . . . , ad) is a primitive 
ideal of B. 

(b) The ideals described in (a) constitute all the primitive ideals of B. □ 

6. General consequences 

Theorem 6.1. All primitive factor algebras of O q (GL 3 (k)) and O q (SL 3 (k)) are 
Auslander-Gorenstein and GK-Cohen-Macaulay (assuming k algebraically closed 
and q not a root of unity) . 

Proof. Let P be an arbitrary primitive ideal of O q (GL 3 (k)), andletw G S3XS3SUCI1 
that P G prim lu O q (GL 3 (k)). By Theorem [OJ and Corollary El Q w and 

P/Qw both have polynormal regular sequences of generators. It follows that P has a 
polynormal regular sequence of generators. Since O q (GL 3 (k)) is Auslander-regular 
and GK-Cohen-Macaulay (e.g., [2j Proposition 1.9.12]), we conclude from Theorem 
17.21 that O q (GL 3 (k))/ P is Auslander-Gorenstein and GK-Cohen-Macaulay. 

The remaining statement is immediate from the fact that every primitive factor 
algebra of O q (SL 3 (k)) is also a primitive factor algebra of O q (GL 3 (k)). □ 



321 [23|12] - /3X 13 [23|12] - PX 13 X l2 X 23 -pX 31 X 22 [23|12] - f3X 31 

[12|23] - 7X31 

231 X 2 iX 32 -pX 13 [13|23] - /3X 21 X n X 23 - /3X 32 Xi 2 X 33 - /?X 21 

[12|13]- 7 X 32 

312 [12|23]-/WsT 31 [23|13] -/3X 12 X n X 32 - /3X 23 X 21 X 33 - /3X 12 

[13|12]- 7 X 23 

Xn — a Xn — a 

132 X u X 23 -pX 32 X n X 32 -f3X 23 [231231-a- 1 X 22 X 33 - a' 1 



X 23 — -fX, 



X 33 - a XnX 22 - a 
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By inspection, each primitive ideal of O q (GLs,(k)) is contained in one of the prim- 
itive ideals in prim 123 123 O^GL^k)). Since maximal ideals are primitive, we find 
that the only maximal ideals of O q (GL 3 (k)) are those in prim 123 123 O q (GL 3 (k)), 
and similarly in O q (SLz(k)). This establishes the following result, answering two 
cases of a question raised in j5] Introduction] . 

Theorem 6.2. Every maximal ideal of O q (GL^(k)) and O q (SL^(k)) has codimen- 
sion 1 (assuming k algebraically closed and q not a root of unity). 

7. Appendix. Homological conditions 

Definition 7.1. A noetherian ring R is Auslander-Gorenstein provided 

(1) The modules Rr and rR both have finite injective dimension; 

(2) R satisfies the Auslander condition: F>xt R (N,R) = for all i?-submodulcs 
N of Extjj(M, R) whenever < i < j and M is a finitely generated (right 
or left) i?-module. 

If condition (1) is strengthened to 'gl.dimi? < oo', then R is Auslander-regular. 
The grade (or j -number) of a finitely generated R- module M is 

j(M) = jji(M) := inf{j > | Ext^M, R) £ 0}. 

Now assume that R is an afiine A-algebra. Then R is GK-Cohen-Macaulay 
provided GK.dim(i?) < oo and 

j(M) + GK.dim(Af) = GK.dim(-R) 

for every nonzero finitely generated (right or left) i?-module M . 

Theorem 7.2. Let R be a noetherian ring, and let £ R be a regular normal 
element. 

(a) If R is Auslander-Gorenstein, then so is R/flR. 

(b) Assume that R is an affine k-algebra. If R is GK-Cohen-Macaulay, then so 
is R/VLR. 

Proof, (a) [12, §3.4, Remark 3]. 

(b) By [T2l §3.4, Remark 3], Jr/vir{M) = jr(M) — 1 for any nonzero finitely 
generated (i?/^i?)-module M. Since R is GK-Cohen-Macaulay, we get 

(E7.2) j R /n R {M) + 1 + GK.dim(Af) = GK.dim(i?). 

The case M = R/flR of (E7.2) implies that 1 + GK.dim(i?/Oi?) = GK.dim(iJ), 
and hence (E7.2) can be rewritten as 

3r/qr(M) + GK.dim(M) = GK.dim(R/QR). 

This shows that R/VtR is GK-Cohen-Macaulay. □ 
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